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This paper gives innovation of an infinite-dimensional isometric Markov 
stationary process. In terms of this innovation the process is expressed as an 
Ornstein-Uhienbeck process. The result includes the innovation results provided 
earlier by Masani and Okabe. We use techniques of Nagy dilation theory which 
also yield a direct proof of the main result of Okabe on the structure of T-positive 
processes. 0 1989 Academic Press, Inc. 
INTRODUCTION 
Let {X(t), t E R} be a T-positive regular real process (cf. Definition 3.1); 
then Okabe [6]; showed that there exists a possibly infinite-dimensional 
symmetric, isometric, Markov, regular stationary process 9” and a vector x 
such that X(t) = X(t) x. This is done by using ideas of dilation theory and 
using the fact that the covariance of a symmetric isometric regular 
stationary process X is a continuous semigroup of contractions (K(t), 
t20) with K(O)=I, K*(t)=K(t), lim,,, IK(t)xl =0 for each x. For this 
class of semigroups there exists a stationary process of the above form. It 
was shown in [6] (see also [2]) that the equation 
where G is the generator of the semigroup, {C(t), t > 0) defines an 
innovation of the process X(t). 
Our purpose here is twofold: First, we observe that the result of the 
representation of a T-positive (not necessarily regular) process is an easy 
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consequence of the dilation theory of Mlak [S] (see Section 3). The main 
effort, however, is to relate Okabe innovation to the innovation rcs, ,) 
introduced earlier by Masani [4] for a semigroup of isometries (S(t), 
t>O} and defined as 
~ccs. ,,(Y) = s(t) Y - S(s) Y - l’ S(u) Y du 
s 
for y belonging to the deficiency subspace of {s(t), t 2 O}. 
To achieve the latter, we provide the equation for innovation of an 
arbitrary infinite-dimensional isometric stationary Markov process. It turns 
out the equations of Okabe and Masani are special and in some sense 
opposite cases of this general equation corresponding to process with self- 
adjoint correlation and to the process, with the correlation being a 
semigroup of isometries for t negative. As a by-product we get a more 
explicit form of Cooper’s representation [4, 11. The proof uses techniques 
of unitary dilation of a continuous semigroup of contractions given by 
Sz-Nagy and Foias [8] and Deddens [ 11. 
1. CANONICAL MODEL OF AN ISOMETRIC MARKOV PROCESS 
Throughout the paper the letters ZZ, K will always stand for complex, 
separable Hilbert spaces. L(ZZ, K) will denote the set of all linear bounded 
operators from H to K. L(ZZ, H) will be abbreviated by L(H). P, will 
stand for the orthogonal projection onto a closed subspace M. For any 
linear operator A, gA will denote its domain. R and @ will denote the fields 
of real and complex numbers, respectively. The Hilbert space of all 
H-valued measurable functions f on R for which J T z lf( t )I ’ dt < 03 will be 
denoted by L2(H), Id will stand for the indicator of a set d and Z,,!,‘(H) 
will denote the subspace of L’(H) consisting of all functions which vanish 
outside A. 
1.1. DEFINITION. An L(H, K)-valued stationary process (SP) is a 
weakly continuous function X= {X(t), t E R > from R to L(H, K) such that 
its correlation 
X(t)* X(s) = C(s - t) 
is a function of the difference s - t. 
If X is an L(H, K)-valued SP, then the smallest (closed, linear) subspace 
of K generated by all {X(t) x, x E H, t <s> will be denoted by M,(s), 
- cc < s < +co. For simplicity we will write M, = M; (co ), M, = M, (0), 
MA - a ) = n, M,(s). 
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1.2. DEFINITION. An L(ZZ, K)-valued SP X is said to be: 
(i) Markov, if P,; X(s) = PmX(s) for all s > 0; 
(ii) isometric, if X(0) is an isometry (equivalently: C(0) isometric or 
X(t) isometric Vt E R); 
(iii) regular, if M,( - co) = (0); 
(iv) singular, if M;(s) = M, for all s E R. 
If X is a SP, then the SPs X”(t) = P,+,x(-03JX(f) and F(t) = X(t) - X”(r) 
are called the singular and regular parts of X(t), respectively. 
The following proposition is an easy consequence of the defintions. The 
proof is similar to the one in [6] and hence is omitted. 
PROPOSITION. An L(H, K)-valued SP X is Markov and isometric if and 
only if its correlation C(t) = X(O)* X(t) is a continuous semigroup of 
contractions for t > 0 and C(0) = I. 
Note, that from [S, p. 303, it follows that for any continuous semigroup 
of contractions {T(t), t > 0} in H, with T(0) = Z, there exist a Hilbert space 
K and an isometric L( H, K)-valued Markov process X = {X(t), t E R} such 
that its correlation C,(t) = 7’(t) for all t > 0. A concrete realization of X 
can be obtained through producing an explicit dilation of C,(t). In the 
sequel we employ the construction of a unitary dilation of a continuous 
semigroup of contractions stated in [S] (see also [ 11) to establish a 
canonical model of an isometric Markov SP. 
1.4. LEMMA (cf. [8, pp. 4142; 11). Let: 
(i) {T(t), t >O} be a continuous semigroup of contractions in a 
Hilbert space H, T(0) = Z; 
(ii) G be the generator of {T(t), t > O}; 
(iii) V=(G+Z)(G-I)-’ be the cogenerator of {T(t), t>,O}; 
(iv) Q = (lim,, m T(t)* T(t))“‘; 
(v) {W(t), t20) be th e semigroup of isometries in mdefned by 
the formula 
W(t) = w(t) Q, t 2 0, 
(vi) Ho= (I- V*V) H; 
(vii) {B(t), to R} be the group of unitary operators in L2(H0) defined 
by the formula 
(B(t)f )(.) =f(. -t), ~E[W,~EL*(H& 
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Let for every x E QG and s E R, 
(&J(s) = q! 00.01 f_(Z- V*v)“*(G-I) T(-s)x. 
fi 
(1.5) 
Then: 
(A) 4 extends to a bounded linear operator from H into L2(Ho) and 
for every x, y E H, 
(4x, 4~) = (x, Y) - (Qx, QY,; 
(B) for every a<b<O andxEgG, 
s b (Wx)(u) du = (b)(a) - (#x)(b); (1 
(C) for every b>O and xe9,, 
5 b 0 
B(t) 4Gx dt = B(b) dx - $x-z,, b,(&)(O), 
where the left side is the Bochner integral of an L2(Ho)-valuedfunction. 
ProoJ (A) can be proved as in [S, p. 411, or it can be checked by direct 
computation of (4x, 4~). In fact, for every x, y E gG, 
Ox,4y)=lo,($(Z-V*V)(G-Z)T(-s)x+(G-Z)T(-s)y)ds 
1 m 
=- 
5 20 
-2C(‘Ts) x, T(s) Y) + (T(s) x, GT(s) y)] ds 
=- s om $(T(s)x, T(s) Y)~s=(x, Y)- lim (T(s)x, T(s)Y). s-cc 
(B) Note that 
s ,b (dy)(u)du=+ (I- V*V)“* 11; [F- T(u) y] du 
=J- (I- v*v) ‘/’ 
3 
T(-a) y-T(-b)y-J::T(u) ydu 
1 
, 
12 MAKAGONANDMANDREKAR 
a < b < 0, y E gG. Since both sides are continuous functions of y, the above 
holds true for any y E H. Setting y = Gx, x E 9& we obtain 
s b (qiGx)(u) du a 
=l(Z- V*V)‘~2GT(-a)x-~(Z- V*V)“‘GT(-6)x 
fi 3 
-l(Z- V*V)*i21-b T(u) Gxdu=(qSx)(a)-($x)(b), 
,/z --(I 
sincef:;T(u)Gxdu=T(-a)x-T(-b)x,a<b<O,xE9o. 
(C) For any fixed b > 0 and x E 9G the function 
t + B(t) ~~GxE L2(Ho) 
is continuous and bounded. On the other hand, for any fixed s the function 
t -, (B(t) $Gx)(s) = (#Gx)(s - t) 
is integrable over every bounded interval. Hence the Bochner integral 
jS B(t) &Gx dt equals jt dGx( . - t) dt. Moreover, from (B) it follows that 
B(t) IJGX dt) (s) = Jb; (dGx)(s - t) dt = s”‘“‘“‘ ‘) (@x)(u) du 
min(s - b, 0) 
= (#x)(min(s - b, 0)) - (dx)(min(s, 0)) 
= (B(b) b)(S) - (b)(S) - I,,, b,(S)(#X)(o)v 
1.6. THEOREM. Let ( T(t), t 2 0 1 be a continuous semigroup of contrac- 
tions in a Hilbert space H, T(0) = Z, and let, under the notation introduced in 
Lemma 1.4, Y = { Y(t), t E R} be a stationary L(m, M)-valued process such 
that its correlation C(t) = Y(O)* Y(t) = W(t), t 2 0, and Sj5{ Y(t) y: y E QH, 
t E R > = M. Let X be an L( H, L2( Ho) @ M)-valued process defined by the 
formula 
X(t)x=B(t)dx@ Y(t)Qx, XEH, tER. (1.7) 
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Then : 
(i) .T={%(t): t~lW} . IS an isometric Markov SP with the correlation 
C,(t)=~*B(t)~+QC(t)Q= t>o, t < 0; 
(ii) for every a< 6, a, bE R, and XE~~, X(b) x-X(a) x- 
&2-(t)Gxdt=(l/fi)Z~,,b~(Z-V*V)1’2(G-Z)x@0; 
(iii) M;(t)=Z,-,,,, L’(H,) 63 M for each t; 
(iv) the regular part of % is given by 
xr(t)=B(t)~OO for each t; 
(v) the singular part of X is given by 
!E^“(t)=O@ Y(t) Q for each t. 
Proof: (i) Note that for XE 9G and t 20 (dT(t) x)(s) = (E(t) #x)(s) - 
(l/&(1- V*V)1’2 (G-Z) T(t-s)x.Z (0, ,,(s). Thus from Lemma 1.4(A), it 
follows that 
(B(t) 4x9 4~) = (4T(t) x, 4~) = (T(t) x, Y) - (W(t) Qx, QY,, 
x, y E H, t > 0. Since the correlation of 3 is given by 
(z(t) x, x(s) Y) = (B(t) 4x> B(s) 4~) + (Y(t) Q-G Y(s) QY) 
=(B(t-s)~x,~y)+(C(t-s)Qx,Qv,, 
the process 3 is stationary, and in view of the formula above, 
C,(t) = 4*Wt) 4 + QWt, Q = T(t) 
for t > 0. 
(ii) From Lemma 1.4(C), it follows that for all a < b and XE&-, 
B(b) #x-B(a) 4x-Jj:B(u)#Gxdu = Z,,,,((l/fi)(Z- V*V)‘/2(G-Z)x). 
Thus it suffices to show that for a < b, x E c&, 
Y(b) Qx - Y(a) Qx - 5” Y(u) QGx da = 0. 
0 
(1.8) 
Let GW denote the generator of the semigroup ( W(t), t 2 01. Since { W(t), 
t 2 0} consists of isometries, G,c -G*,. Moreover, from the definition of 
W(t), it follows that QgG c 5&c 9G ;Y and that G,Qx= -G*,Qx=QGx 
for all XE~~. Using this and the fact that G*, is the generator of the 
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adjoint semigroup ( W*(t), t 2 O> we obtain that for every b > 0, y E H, 
UE [0, b], and XE.&, 
(J 
b 
Y(t) QGx & Y(u) QY 
0 > 
= C( t - u) QGx dt, Qy 
> 
= (1 ’ w*(u - t) QGx dt, Qy 0 ) ( + j+” Wt - u) QGx dt, QY u > 
=- 
(J 
; w*(s) G*,Qx 4 QY) + (ro”” W) GwQx 6 QY) 
= -(W*(u)Qx,Qv,+(W(b-u)Qx,Qv, 
= ( Y(b) Qx - Y(O) Qx, Y(u) QY,. 
This, in view of the stationarity of Y, proves (1.8). 
(iii) From (ii), it follows that I, _ oo, ,,Lz(Ho) @ (0) c M,(t) for 
all t E IF!. Since M;(t) c I,-,, 11 L2(Ho)0 M;(t), it suffices to note 
that M;(t) = M for all t E R. Let t 20, x, yam and let 0 <U < t. 
Then (Y(0) W(t)x, Y(u)y) = (W*(u) W(t)x, y) = (W(t-u)x, y) = 
( Y(t) x, Y(U) y) because ( W(t), t 2 0} is a semigroup of isometries. Hence 
Y(t)x= Y(0) W(t)xeM; for all t20 and we are done. 
Statements (iv) and (v) follow immediately from the definition of the 
regular and singular parts of X and from (iii). 1 
2. INNOVATION OF AN ISOMETRIC MARKOV SP 
2.1. DEFINITION. Let X be an L( ZZ, K)-valued stationary process and let 
9 denote the family of all bounded intervals Z= (a, b], - co < a c b -c co. 
An innovation of X is defined to be a pair (M, Z), where M is a subspace 
of H and Z is a function from 5 into L(M, M,) such that 
(i) for every I, f~9 and x, y~ki, 
VP% ZJY) = IZn 4(x, Y) 
(ii) gi3(Z,x: ZC (a, b], XEM} = M,(b)OM,(a), 
where 111 denotes the length of an interval ZE 9. 
If Z is an innovation of X then following [4] one can define the integral 
with respect to Z, f dZf, which turns out to be an isometry from L’(M) 
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onto M,@M,( - co) and as a consequence yields the integral represen- 
tation of the regular part of X. Although an innovation always exists, it 
seems to us that an explicit form of the innovation is known only in the 
case of isometric Markov processes with self-adjoint correlation or those 
whose correlation forms a semigroup of coisometries. The theorem below 
provides an equation of innovation for an arbitrary Markov isometric SP. 
2.2. THEOREM. Let X= (X(t), t E R} be an isometric, L(H, K)-valued, 
Markov SP with the correlation (C(t), t E W}. Let G and V be the generator 
and the cogenerator of the semigroup {C(t), t > 0}, respectively, and let 
H, = (I- V* V) H. Then the L(H,, K)-valued function {Z,, IE 9; defined 
for x~9o and -oo<a<b< +a~, by 
‘,a. bl 
( 
1 (I- V*V)1’2(G-I) 
d 
x =X(b)x-X(a)x-jbX(t)Gxdt, 
> (I 
(2.3) 
is an innovation of X. Moreover the regular part of X is given then by 
zY(t)x=jlcdZ(s)(j=(Z-V*V)“*(G-Z)C(t-s)x), (2.4) 
XE.9~, tER. 
Proof Set T(t) = C(t) for t > 0. Then the SP .5?(t) defined in 
Theorem 1.6 has the same correlation as X Hence there exists a unitary 
operator U from M, onto M, such that 
U(M,(b) 0 M,(a))=M,(b) 0 M,(a), a c 6. 
Note that, from Theorem 1.6(iii), it follows that the L(H,, M,)-valued 
function r defined for x E II,, by 
t (qb]X=z(,,b,X@o 
is an innovation for X and that for any f E L’(H,), 
I +OD d<(s) f(s) = f 00. -02 (2.5) 
Applying the operator U defined above to the equation in part (ii) of 
Theorem 1.6 we find that Z, = U<,,, ZE 9. Thus Z, is an innovation of X. 
The equality (2.4) follows immediately from (2.5) and (iv) of 
Theorem 1.6 by substituting 
f(s)=&- V*V)“‘(G-I) T(t-s)Z(_,.,,(s)x, 
fi 
XE9Q 1 
@X3/29/1-6 
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If the correlation function of an isometric Markov SP X satisfies C(t) = 
C( - t), t E R, then the semigroup { T(t) = C(t), t > 0) consists of non- 
negative operators, G is symmetric, and (l/d)(Z- V*V)“*(G-I) x = 
(-=I i/*x for x E ~9~. Hence Theorem 2.2 yields the following result due to 
Okabe [6] and Ito [2]. 
2.6. COROLLARY [ 6, Lemma 6.7; 2, Theorem 5.11. Let X be an L( H, K)- 
valued, isometric, Markov SP such that C(t) = C( - t), t E R. Let G be the 
generator of the semigroup (C(t), t > 0) and let {Z,, I E S} be defined by 
the formula 
(2.7) 
for XE~~, -oo<a<b<co. Then the pair (( -2G)“* H, Z,) is an 
innovation of X. Moreover, 
Y(f)x=jL dZ(s)((-2G)“‘C(t-s)x) (2.8) 
--m 
for all xE.9o and tER. 
Equation (2.7) is called the Langevin equation [6] and the conclusion of 
Corollary 2.6 can be interpreted as follows: For given generator G of a 
semigroup of non-negative contractions and given L( ( - 2G)“* H, K)- 
valued function satisfying Definition 2.1(i), the Langevin equation (2.7) has 
an isometric Markov stationary solution as well as Markov stationary 
regular solution given by (2.8) [6, Theorem 5.11. The last one is unique 
[6, Lemma 5.41. 
In the theory of stochastic processes this solution is called the 
Ornstein-Uhlenbeck process, as in the case H = R and Z,, b, = w(b) - w(a) 
being an increment of a Wiener process w(t), Eq. (2.7) takes the form 
dX(t) = ,,6 dw(t) - X(t) 
and its solution given by (2.8), 
X(t)=j’ e -i.‘r-u) @ dw(u) 
--m 
is the nomalized Ornstein-Uhlenbeck process. An infinite-dimensional 
(real) Ornstein-Uhlenbeck process was discussed in [2]. It should 
be noticed that a complete O-U B(E)-process as defined in [2, 
Definition 2.53, is an isometric Markov SP with symmetric correlation and 
lies in the scope of Corrolary 2.6. 
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In view of the above remark it might be of interest to consider an 
infinite-dimensional differential equation of the form (2.3) for given G and 
{Z,, ZE s}. 
2.9. DEFINITION. An L(H, K)-valued function {X(t), t E R} is said to be 
a solution to Eq. (2.3) if 
(i) Kz~fW,=Sfj(Z,x: XEH, ZEF}, 
(ii) X( .) x is continuous for every x E H, 
(iii) {X(t), TV [w} satisfies (2.3). 
A solution X(t) is called regular if &$(X(t) x: XE H, t <s> = (0). 
2.10. COROLLARY. Let G be the generator of a continuous semigroup 
of contractions {T(t), t 20) in H, T(0) = Z, H,= (I- V*V) H, and let 
{Z,, ZEF} be an L(H,, K)-valued function of intervals such that 
(Z,x, Z,y) = [Zn Jl(x, y), Z, JE 9, x, ye H,. Then the equation 
Zh II &Z- V*V)"*(G-I) fi x =X(t)x-X(s)x+‘(u)Gxdu 
> s 
XE Qo, has the regular solution {X(t), t E R} which is unique, Markov, 
stationary, and is given by 
X(t)x=/’ dZ(s) &I- V*V)“*(G-I) T(t-s)x 
Js 
, XC9@ 
-cc 
Proof: The existence follows from Theorem 2.2. The uniqueness can be 
proved by repeating the proof of Lemma 5.4 in [S]. ( 
Now let us consider the case of a Markov, isometric SP whose 
correlation is a semigroup of coisometries for positive t. As we will see, this 
case pertains to the Masani-type equation. 
2.11. COROLLARY. Suppose that {X(t), t E R} is an isometric, L(H, K)- 
valued Markov SP with the correlation C(t) and suppose that S(t) = C( - t) 
for t 2 0 is a semigroup of isometries. Let S be the cogenerator of {S(t), 
t 2 0} and let K, = H 8 SH. Then the L(K,, K)-valued function of interval 
defined for a < b by 
X(a)x-X(b)x-InX(t)xdt XE K, (2.12) 
a 
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is an innovation of X. The regular part of X has the representation 
dZ(s)(P,(G - I) C(t -s) x), XE%., (2.13) 
where G is the generator of a semigroup {S*(t), t > 0). 
Proof: According to the notation of Theorem 2.2 we have I’= S*, 
I- v*v= PHOSH’ H, = (I- I’* I’) H = H 0 SH = &,. Moreover, from [ 7, 
p. 381 (see also [3]), it follows that 
K,=H 0 SH= {xEJ~?~: Gx= -x}. 
Thus in order to define Z, by the formula (2.3) it suffices to consider those 
t’s for which Gx= -x, XE&-. For such x’s the formula (2.3) takes the 
form (2.12). Hence (2.13) follows immediately from (2.4). 1 
2.14. Remark. If x E K, then Gx = -x and consequently dS*( t) x/dt = 
- S*(t) x, t 2 0. The only solution of this equation is S*(t) x = e-‘x, x E K,. 
Thus for XE K,, the formula (2.13) takes the form 
r(t)x= -de-‘[,_r’dZ(s)x, XEK,. 
2.15. COROLLARY [4; 3, Theorem M]. Let {S(t), t>O} be a con- 
tinuous semigroup of isometries in H, S(0) = I, S be its cogenerator and 
K,= H 0 SH. Then the L(K,,, H)-valued function {T,; ZEN, ZC [0, co)} 
defined by the formula 
S(b)x-S(a)x-fbS(t)xdt O<a<b<a, 
(I 
has the following properties: 
0) (T,x, TRY)= IZnJl(x, Y), 4 JEW, 
(ii) @{~,x:Z~[a,b),x~H,,}=S(a)H~S(b)H,O<a<b<co, 
(iii) for every t 2 0 and x E S(t) H, we have a unique representation oj 
the form 
x= f , OcI d+)f(x;s)Ox,, 
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where f(x; -) E L2( [0, co); &) an d x, E n, S(t) H. In particular, for every 
t>O and xE&-, 
S(t)~=~~~dr(s)[P~,,(G-Z)S*(s-t)~]0P~~S(t)x, 
& 
(2.16) 
where H, = n, S(t) H and G is the generator of the semigroup {S*(t); 
t>O}. 
2.17. Remark. Note that the formula (2.16), which was not included in 
[4] nor in [3], provides an explicit form of the Wold decomposition for a 
continuous semigroup of isometries. 
Proof: Let {X(t), t E R} be a SP with the correlation C(t)= S*(t) 
for t 2 0 and C(t) = S( - t) for t < 0. Since for every t < 0 
IX(t)x-X(O)S(-t)xl’=O, X(t)=X(O)S(-t) for all t,<O and con- 
sequently, M;(t) = X(O)[S( - t) H] for t ~0. Thus the operator X(O)* 
restricted to M, is a unitary mapping from M, onto H such that 
X(O)*M,(t)=S(-t)H, t<O, and X(O)*M,(-oo)=r),S(s)H=H,. 
Let a < b GO. Applying operator X(O)* to both sides of (2.12) we obtain 
that 
x(o)* z Ca,b] =T[-h, -0) 
which proves (i) and (ii). Since the map f-s dZf is an isometry from 
Zcern, -,,L2(K,) onto M, ( - t) 0 M,( - co), t > 0, the decomposition of 
any y~Mi( - t) into the orthogonal sum PMGc-,,eMxc-a,y@ PM,-,,y 
yields the required decomposition for each x = X(O)* y E S(t) H. Finally, to 
prove (2.16) let us apply X(O)* to X(-t) = Xr( - t)@ xS( - t) (recall that 
J?(u)= P,,,A-,,X(u)). Using (2.13) we obtain 
S(t) x=’ j-’ 
J- 2 --oo 
ds( -s)(P,(G-I) C( - t -s) x)0X*(O) xS( -t) x 
d~(u)(P,(G-Z)S*(u-t)x)OPHLOS(t)x, 
X~%, because from X(O)* M,( -co)= H,, t 20, it follows that 
X(0)*Xs(-t)x=X(O)*P,;,-,,X(t)x=P,mS(t)x, XEH, ta0. 
From the existence of the “innovation” r, for a semigroup of isometries 
one can easily deduce the existence of an innovation of any SP {X(t), 
t E R} [3]. Namely, if X is an L(H, K)-valued SP and {u(t), t E R} is its 
shift-group, then S(t) = U( - ‘)I,,,,;, t > 0, is a semigroup of isometries. 
Corollary 2.15 defines an L(K,, M; ) - valued function r -, of interval 
Zc (-co, 01, ZEN, with K,= M; 8 SA4;. This function r, can be 
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extended to an innovation of X by means of {u(t), t E R}. Unfortunately, 
the properties of (S(t), t > 0} and those of K,, are inherent properties of the 
shift {U(t), t E IF!} and defy expression in terms of {X(t), t E R} or its 
correlation function in general. Nevertheless, in the case of isometric, 
Markov SP X, Theorem 2.2 provides an explicit form of an innovation of 
X. The following theorem is concerned with establishing the relationship 
between both constructions. 
2.18. THEOREM. Let X = {X(t), t E R) be an isometric, Markov L( H, K)- 
valued SP with the correlation C(t). Let {U(t), t E W} be the unitary group in 
M, defined by U(t) X(s) = X(s + t), s, t E R and let S(t) = U( - t) I,;, t 2 0. 
Let S be the cogenerator of {S(t), t >, 0 >, K0 = Mj 0 SM, and let for all 
O<a<b<cx, andyEK,,, 
S(b) y-S(a) y-ibS(t) ydt 
0 
Finally let (Z,, *, , a, be R> be an innovation of X defined by (2.3), 
Theorem 2.2. Then, under the notation of Theorem 2.2: 
(i) the mapping vy = j? 173 e” dZ(u) y, y E Ho, is an isometry from Ho 
onto K,,; 
(ii) for every s<t<O andxEH,, 
J-z,, ,,x = T’I-& +( Px). 
a 
Proof In view of Theorem 1.6 one can assume that 
X(t) = B(t) 40 Y(t) Q, lER, 
M, =I(-c0.0, L2Wo)0M,, Z(s,r,x=Z(,,t,xOO, 
u(t) = B(t)@3 U,(t), where U,( .) is the shift of { Y(t), t E R} 
and 
S(t)=W-t) zI(-~&Ho)@ U.(-t), t 20. 
The cogenerator of the second component U,(t) is unitary. Hence, from 
[8, p. 1511, it follows that K,= {f(s)@O: f(s)=Z(-,&)eSy, ysHoj. 
Since for everyfEL*(H,), {dZ(s) f(s)=f@O, 
dZ(s)e”y=Z(-,,,,(~)e(‘)y@O~K,, YEHO 
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and (i) is proved. Let now s < t < 0 and x E H, be fixed. Both Z,, ,)x and 
rC-,, -J rx) lie in M, 0 M,( -co)=1C-,.o,L2(H0) and by simple 
integration we obtain that 
=J- [B(s)[e”z,~ 
fi 
,.0,(u) xl -W(e”Lqcq(4 XI 
- I -’ B( - w)[e”Zc-,, ol(u) xl dw -f 
=-!- [eU-“I,-,,.,(u)-e”~‘Z(_,,,,(u) 
d 
I 
- e s 
” ~ II’ I,,, m,(w) dwl x s 
which completes the proof. 1 
3. DILATIONS OF T-POSITIVE SP 
Isometric Markov symmetric SP (i.e., such that K(t) = K( - t), t E R) 
arose naturally in the context of T-positive SPs as it was pointed out by 
Okabe in [6]. Namely, Okabe showed that for any T-positive real regular 
stationary process X(t), there exists a symmetric, isometric, regular 
Markov SP X(t) (possibly infinite-dimensional) such that for some x, 
X(t) = 2-(t) x, t E R. 
We now present a direct proof of this without the assumption of 
regularity based entirely on the dilation theory of Sz.-Nagy as developed in 
Mlak [S]. We start with the definition of T-positivity. 
3.1. DEFINITION. An L(H, K)-valued SP X= {X(t), t E R} is T-positive 
if for every tl , . . . . t, 2 0 and x, , . . . . x, E H 
C C tcCti + tj) xi9 xj) 2 0, 
i j  
where, C(t) is the correlation of X. 
3.2. THEOREM. An L( H, K)-valued SP X is T-positive if and only if there 
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exist Hilbert spaces 2 and x I Mx, an operator R E L(H, .%) and a 
symmetric isometric Markov L(&?, x)-valued SP (fl( t), t E rW} such that 
(i) X(t)x=T(t) Rx, ~EH, tEIW, 
(ii) X=XjJ{C,(t) Rx: XEH, t>O}, 
where C5 is the correlation of 5Y. The process 5Y is regular if and only X is. 
Proof The part “if’ is obvious. To prove the “only if,” note that (C(t), 
t 2 0 > is bounded L(H) - valued function which is positive definite on the 
*-semigroup [0, cc ) (with the trivial involution t* = t, t 2 0) in the sense of 
[S]. Thus from [S, Theorem 3 and Proposition 2(b)], if follows that there 
exists X, a continuous semigroup of non-negative contractions {T(t), 
t>,O) and REL(H,&) such that C(t)=R*T(t)R, t>,O, and X= 
q{ T(t) Rx: XE H, t 80). Let T(t) be an L(x, X)-valued SP with the 
correlation C,(t) = T( 1 tl), t E IR. Note that by [S, p. 301, C,(t) is positive 
definite on 0’4 in the usual sense, so Z(t) exists. The SP !E is isometric, 
Markov, and symmetric (Proposition 1.3) and, moreover, 
(%(t+s)Rx,Z(s) Ry)=(R*T(ltl) Rx, y)=(X(t+s)x,X(s) y), 
x, y E H, t, s E R. Thus the mapping U defined by 
extends to an isometry from M, into X and UX(t) x = X(t) Rx, t E Iw, 
x E H. This proves (i) for suitable modification of 3. Obviously, if X is 
regular, then X is. Coversely, suppose that X is regular. Then its spectral 
measure is a.c. w.r.t. the Lebesgue measure and by the Riemann-Lebesgue 
theorem, lim, _ ,(C(t) x, y) = 0, x, ycH. Since C”(t)= T((t(), tE R, for 
every t, , . . . . t, > 0, x1, . . . . x, E H, 
lim IC,(t) [I C&ti) RXi](*=O. 
,-CC 
Thus, by (ii) lim,, cD [C,(t) y12=0 for all YE&‘. Using Theorem 1.6 (v), 
we conclude that 3 is regular. i 
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